Abstract. In this paper, we study rotation surfaces in the Minkowski 3−dimensional space with pointwise 1-type Gauss map and obtain by the use of the concept of pointwise finite type Gauss map, a characterization theorem concerning rotation surfaces and constancy of the mean curvature of certain open subsets on these surfaces.
Introduction
Recently in (2000) , and in the framework of the theory of finite type submanifolds (see [2] , [3] ), the authors of [8] raising the following problem: classify all submanifolds in an m−Euclidean space E m (or in the Minkowski space E m 1 ) satisfying the following equation
where ∆ in the Laplacian of the induced metric and G the Gauss map for the submanifold, for some function f on the submanifold. The authors of [8] have studied ruled surfaces in 3−dimensional Minkowski space E 3 1 with pointwise 1-type Gauss map, and obtain a classification theorem for them. Also, submanifolds in pseudo-Euclidean space with finite type Gauss map are studied (cf. [1] , [5] among others). In the paper [6] a characterization of the helicoid as ruled surfaces with pointwise 1-type Gauss map in 3−dimensional Euclidean space is obtained. On the other hand, Chen and Piccini [4] made a general study on submanifolds of Euclidean space with finite type Gauss map and classified the compact surfaces of 1-type Gauss map.
In the paper [9] we studied rotation surfaces in 3−dimensional Euclidean space and obtained the following result. In this paper we use the concept of pointwise 1-type Gauss map introduced in [8] to obtain the lorentz version of the above theorem: Throughout this paper, we assume that all surfaces M are connected,and all objects are at least of class C 3 . Here we will agree to interchange the notation of vectors by rows and there notions by columns
Preliminaries
The 3−dimensional Minkowski space E 3 1 is given with its canonical metric dx 2 + dy 2 − dz 2 which we will denote by: , . For two tangent vectors V = (X 1 , X 2 , X 3 ) and W = (Y 1 , Y 2 , Y 3 ) of its tangent space, we have:
The cross product V × W of the vectors V and W is given by
By surface in the 3−dimensional Minkowski space E 3 1 we mean an isometric immersion into E 3 1 of a connected 2-dimensional pseudo-riemannian manifold M .
Let M be a surface in the 3−dimensional Minkowski space E 3 1 . The Gauss map G sends each point of M to a unit normal vector to M . We have, G : M → S where
The surface M is lorentzian when G takes its values in S 2 1 (1) and riemannian when G takes its values in H 2 (−1). Now we are going to recall some fundamental formulas to be used latter in this work. Assume that the surface M in E 3 1 is described locally by an isometric immersion
where (s, v) are local coordinates on the open set U of R 2 . Then on U the Gauss map G is given by the followings formula:
The first and the second fundamental forms I and II, respectively, are obtained on U by the following formulas:
The mean curvature H is given on U by the following formula:
We end this preliminaries by recalling the formula for the Laplacian. In local coordinates (x 1 , x 2 ) on a the domain U for a surface M furnished with pseudo-riemannian metric say g given by its matrix (g ij ) with inverse matrix (g ij ), the Laplacian ∆ of M is
We will adopt the method of describing rotation surface in E 3 1 given in [7] . There are three types of 1-parameter subgroups of isometries of the Minkowski 3-dimensional space E 3 1 that leave a line pointwise fixe.
There are called hyperbolic, elliptic or parabolic rotations depending whether the line fixed(axis of rotation) is spacelike, timelike or lightlike.
(i) A space line is congruent to the line: y = z = 0. The corresponding subgroup of rotations around this axis consists of 
(ii) A timelike line is congruent to the z-axis. The subgroup of rotations around this axis consists of 
(iii) A lightlike line is congruent to the line: x = 0, y = z. The subgroup of rotations around this axis consists of 
A surface is called a surface of revolution if its image is stable under a 1−parameter subgroup of isometries which leave a line pointwise fixed. This general definition will be related to the ordinary one in terms of rotating a profile curve which lies in a certain plane containing the axis of rotation (see [7] ).
For a surface of revolution corresponding to an axis L, Let M be any connected component of the subset M − L. We have the following lemma from [7] . (ii) If L is timelike , then M is expressed in the form
whith metric
where g and r are smooth functions of the parameter s such that (iii) If L is timelike , then M is expressed in the form
where f and g are smooth functions of the parameter s such that
, and for all s. [7] ).
Conversely, a surface given in the above form in each case is a surface of revolution ; the profile curve is
In addition to above lemma we have the followings results. 
we have, when the profile curve is parametrised by the arc length s and when we assume x = x(s) > 0, the following results.
-(a1) The first and the second fundamental forms are given by
where ε 1 = ±1.
-(a2) The mean curvature H satisfy
(b) For a surface of revolution given in (ii) in the lemma 3.1 and expressed in the form
-(b1) The first and the second fundamental forms are given by
-(b2) The mean curvature H satisfy
(c) And for a surface of revolution given in (iii) in the lemma 3.1 and expressed in the form (3.9)
we have, when the profile curve is parametrised by the arc length s and when we assume z(s) − y(s) > 0, the following results.
-(c1) The first and the second fundamental forms are given by
-(c2) The mean curvature H satisfy
Proof. We begin by one remark. The surfaces of revolution given above in 3.1, 3.5, and 3.9 are particular cases of the surfaces of revolution given in the lemma 3.1 in (i), (ii), and (iii), respectively. Now we have to proof the relations given in (a),(b), and (c). Consider first the case of surfaces de revolution in (a):
In (a1) we only have to proof the second formula for the seconde fundamental II, since the first formula of first form fundamental I is a particular case of (i) when the profile curve is now parametrised by its arc length s. By the following relations
, xz cosh(ϕ)), where we get the Gauss G (3.13) G = −(x , z sinh(ϕ), z cosh(ϕ)) and G, G = −ε 1 .
With the Gauss map G so determined, we use again the relations above to find the followings vectors:
Then we find the functions
From these quantities we get easily the formula for II by using the formula given in 2.4. And using 2.5 we get the formula for the mean curvature H and see easily the formula for its derivative H . To find the Laplcian ∆ we apply the formula 2.5 with the metric I. Therefore we have proved relations in (a1).
As we have seen, the prove the remain relations in (b) and (c), we search in each case, the Gauss map G, and the corresponding three vectors as above, that is, the vectors X ss , X sθ , and X θθ for (b), and the vectors X ss , X st , and X tt for (c). An easy computation give the following relations for surfaces of revolution of type(b) and type(c). By using respectively 3.5 and 3.9 we have.
• For type (b): From (3.14)
we get the following
• For type (c): From
From these vectors one gets easily the results in (b) and (c).
The proof of the theorem
In order to proof the theorem, we proceed in the following fashion. We have to prove a first part, that is, for a given connected component M of a surface revolution M of type (i) or (ii) or (iii) in lemma 3.1, the mean curvature H is a constant when M is pointwise 1-type Gauss map. And in a second part, we have to proof the converse for M (in each of three types). Now we consider some facts and remarks. 
And in each of these six cases we have prove that the mean curvature is constant when the component M is pointwise 1-type Gauss map. Now let us make some remarks.
One can see that is not necessary in proving the constancy of H to consider in each type the two components given above in each type, we are going to consider only one the them, and this will be the way we follow here . In particular this justified the surfaces considered in lemma 3.2. A last remark is: we will agree to prove here the complete result for types (i) and (iii); for (ii) it is not difficult to see that things work the same. After these remarks we can begun proofs.
Step1: case (i) We consider a surface of revolution M' in those of type (a) in lemma 3.2, that is as in 3.1. Then M is a connected component of the set {M −L, with x(s) > 0}. Let's express the condition ∆G = f G on M for the Gauss map G = −(x , z sinh(ϕ), z cosh(ϕ)).
We get from G the following three vectors : z cosh(ϕ) ).
Then, the Laplacian of the Gauss map by applying the formula 3.4 is the vector:
So we get easily that
From this formula it is convenient to introduce the following functions. Let A := x + 
In fact, the condition ∆G = f G is equivalent to the condition
This condition is then equivalent to the following three equations:
These are equivalent to the two followings equations:
Better, by using the relation (r) :
we see that the condition in ( ) is then equivalent to the following
By using once again the relation (r) and its derivative, and after an easy computation, we get the following:
•(We have omitted this computation in order to avoid the proof to be so long, but in step 2 below for surfaces of type (iii) we give the complete computation).
• by setting U := z − y , one get easily the following vectors:
Then, the Laplacian of the Gauss map by applying the formula 3.12 is the vector:
In the view of this formula it is convenient to introduce the following functions. Let
The direct computation of the left-hand member of each the these relations gives a polynomial in t with functions of s as the coefficients. 
